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UFOIMAXZOmL  K*JILIBRH**» 

Robert  Kaat** 


Introduction 

,  decision  over  tine  In  an  uncertain  environment  has 

motivated  much  research,  and  given  rise  to  different  definitions  of 
equilibria.  Research  on  Temporary  Equilibria  concentrated  on  the 
consistency  of  agents  when  making  forecasts,  together  vith  classical 


rational  behavior  under  risk.  Rational  Expectation  Equilibria  were 
developed  from  the  seminal  paper  of  Muth  until  the  model  of  Anderson- 


Sonnenschein  provided  an  existence  theorem:  an  equilibrium  exists  if 
agents  make  decisions  which  generate  through  equilibrium  market  price. 


the  probability  distribution  they  used  in  making  their  decisions.  Me 
call  Informational  Equilibrium  an  equilibria  of  decisions  and  forecasts 
of  agents  in  a  dynamic  process:  agents  use  their  forecasts  to  make  their 
decisions  and  these  decisions  generate  through  the  system  a  future 


distribution  which  matches  the  forecasts.  The  structure  of  the  model 


is  quite  general  and  is  not  specially  related  to  a  sequence  of  markets 
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OBR-E0001H-79-C-0685  at  the  Center  for  Research  on  Organisational  Efficiency 
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for  their  help  and  comments.  Professors  K.J.  Arrow,  P.J.  Hammond  and 
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who  helped  me  through  math  emetics!  difficulties  during  their  visit,  as 
wall  as  the  clerical  staff  i at  the  Depsrtmeat  of  Economics  at  Stanford. 
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The  sequence  of  decisions  of  agents  and  the  sequence  of  states  of  the 
market  fora  a  stochastic  process  that  ve  refer  to  as  the  "model"  in 
which  agents  decide.  It  follows  Blackwell's  [1965]  model  in  that  it 
assumes  a  Motion  Lav  (relating  decisions  at  time  t  and  the  distribution 
at  time  t  +  1)  as  given.  We  aasuee  that  our  agents  behave  consistently 
vith  the  model,  in  the  sense  that  they  knov  its  structure  if  not  its 
exact  distributions.  Then  they  use  the  information  they  receive  about 
the  state  of  the  system  to  forecast  the  future  states,  their  forecasts 
being  "parallel"  to  the  unknown  Motion  Lav. 

At  each  period  (time  is  discrete)  they  decide  on  a  present 
action  and  on  a  plan  for  the  future.  We  do  not  focus  here  on  the 
consistency  that  a  temporary  equilibrium  vculd  require  (in  the  sense 
of  Orandmont  for  example ) . 

The  model  is  presented  in  Section  2.  The  definition  of 
equilibrium  was  given  by  Shefrin  [1980],  namely  it  is  a  fixed  point 
of  a  couple  of  correspondences:  the  correspondence  relating  decisions 
of  agents  and  the  distribution  they  generate  next  period,  and  the 
correspondence  relating  forecasts  of  agents  and  their  resultant  decisions. 

In  Section  3  ve  shov  that  the  model  has  "good"  properties, 
because  the  distribution  generated  next  period  is  a  "continuous" 
function  of  the  decisions  of  agents.  This  is  a  necessary  condition, 
which  is  verified  by  this  model. 

In  Section  k  ve  give  tvo  examples  in  which  the  decisions  of 
agents  are  continuous  function  (loosely  speaking)  of  their  forecasts 
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« 


(i.e.  in  which  agent*  decide  In  such  a  ngr  that  a  temporary  equilibrium 
occurs  as  specified  by  the  Granimont  and  lash  nodal* ) . 

As  we  sake  "be ary"  use  of  probability  transitions,  we  had  to 
develop  algebraic  properties  of  this  Mathematical  tool  ( in  Appendix  1) . 
The  fixed -point  property  defining  our  equilibrium  relies  on  topological 
properties  of  transitions  which  have  been  established  in  Appendix  2. 
Appendix  3  is  a  very  United  attempt  to  explain  what  a  forecast  could 
be.  Clearly  a  complete  theory  of  rational  behavior  of  agents 
(concerning  the  use  of  forecasts)  should  be  developed. 


2.  The  Model 

In  short,  if  H*  is  the  set  of  states  of  the  systen,  if  agent 

i  knows  only  a  signal  in  S*  by  a  random  variable  c*,  if  he  has  a 

forecast  V^+1  on  the  future  state  of  the  system  which  he  uses  to  make 
t 

his  decision  ai*  then  we  prove: 

(1)  That  there  exists  a  Markov  kernel  Q*  relating  H*  and 
H**1,  which  is  a  function  of  the  decision  a*,  i  €  I. 

(2)  That  there  exists  a  "posterior"  distribution  on 

t  t 

which  is  a  function  of  a^:  M^. 

Thus  the  distribution  on  Ht+1  generated  by  the  o^'*, 

Qt  ,  m*,  can  be  compared  to  the  distribution  that  agent  1  forecasts, 
V*4*  .  We  shall  use  a  "fixed-point"  argument,  where  an  informational 


equilibrium  would  take  place  when  the  two  distributions  natch.  The 


conditions  for  the  fixed-point  theorem  to  hold  depend  on  the  way 
actions  are  defined  from  the  forecasts.  Ve  shall  see  that  for  various 
standard  types  of  equilibria ,  they  hold.  In  particular,  if  one  uses 
the  temporary  equilibrium  framework  one  can  use  the  standard  existence 
results  to  obtain  existence  of  an  informational  equilibrium. 

2.1  Process  of  Decision  Making  Under  Uncertainty 
Framework: 

(1)  I  is  a  set  of  decision  makers.  Let  us  suppose  I  finite 
unless  otherwise  stated.  Time  is  discreet:  t  6  PI . 

.  t  *t  tv 

(2)  States  of  nature  are  generated  by  a  process  (ft  JO  ,v  ), 
t  €  3M,  unknown  to  the  agents.  We  suppose  (for  mathematical 
purposes)  ft*  to  be  metric  and  separable  and  o*  to  be  its  Borel 
sigma-algebra. 

(3)  At  each  time  t,  agent  i  chooses  an  action  for  time 

t  from  a  set  A*  (which  is  assuned  metric  separable)  and  its  sipu- 

algebra  is  the  set  of  Barel-subsets.  Let  us  call  A^  ■  X  A*.  At 

t  i€I 

has  the  same  properties  as  A^.  Let  us  use  the  following  notation, 

Bt+  «  X  B8  and  1*“  -  X  1®. 

8>t  8<t 

(4)  States  of  the  systems  at  time  t  are  elements  of 

ftt_  X  At_1”  «  Ht.  Thus  h*  €  h*  is  the  sequence  of  the  previous  and 

present  exogenous  states  of  nature  and  the  previous  actions: 

h*  -  (w°,w^,. ..,wt,a°,...,at_1).  (That  is,  h*  is  the  history  until 

a,  a  ^ 

t.)  Let  us  call  y  the  distribution  induced  on  H  from  ft  and  the 
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declsion  process .  We  stqppose  that  states  at  tine  t  are  related  to 
States  of  nature  at  tine  t  ♦  1  by  the  Motion  Lav. 


,t+1:  a*xA* 


Thin  Mans  that  for  every  history  up  to  t  and  actions  of  agents  at 
tiae  t  there  is  a  distribution  on  the  sets  of  future  outcomes. 

( 5)  Bach  agent  i  does  not  know  ,  nor  maybe  all  of  A*-1  , 

but  ve  suppose  that  he  receives  a  signal  which  is  a  random  variable. 


t  n* 
Cj :  H 


t  t 

8.  ,  where  8^  is  a  metric  separable  space  and  is  measurable 


with  its  Borel  sigma-algebra.  Ve  also  assume  that  he  has  a  "forecast 

function."  More  generally  ve  suppose  that,  from  this  signal  and  his 

action,  he  can  forecast  a  probability  on  the  space  of  his  future  signals 

by:  ¥*+1:  8*  *  A*  — -<  S*+1  .  (For  a  Justification  of  ¥*+1,  see  Appendix  3.) 

t+l* 

Remember  that  there  is  no  restrictive  assusption  on  ,  so  that 

although  the  agent  is  going  to  receive  only  a  signal  8*  ,  he  could 

veil  have  to  forecast  on  a  much  broader  space  like  H*+^  Itself. 

(6)  Bach  agent  1  makes  a  decision  at  each  time  t.  It  does 
not  only  consist  of  an  action  a*  €  A*  »  agent  i  chooses  a  decision 
rule  which  is  a  transition  from  his  future  signal  to  hds  future  actions. 

A  decision  rule  is  defined  by:  V  s*  6  S*  ,  o^Cs*)  »  (a*(s*),a*^1(s*) ) 

where  a*  (a* )  €  A*  and  a^+1(s*)  is  defined  by  Y  s*  6  S^*1, 


t+1,  t+1*  t+2,  t+1 


(s*.  s*+1 , . . . )  €  8^  the  result  of  the  decision  rule  a*  would  be 
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t+l,t+l 


(•r  )*•••) e k 


Therefore  the  agent  decides  shat  nay  be  an  infinitely  long  sequence  of 
actions  each  dependent  upon  the  stochastic  evolution  of  the  process  and 
his  previous  actions.  Such  an  extensive  calculation  is  of  course  difficult 
to  handle  and  indeed  it  is  difficult  to  envisage  an  agent  undertaking 
it.  We  shall  therefore  simplify  by  asauning  that  agents  have  in  Bind  a 


stationary  decision  rule.  This  does  not  nean  that  their  rule  vill 
indeed  he  unnodi  fled  over  tine,  but  they  reduce  their  calculation  to 
■anageable  proportions  by  assisting  this  vill  be  the  case.  Thus  their 
assuwd  rule  vill  be 


vith 


t  .  t  tel* 
a±  •  (a^  a±  ) 


t*1  «  ftt 
ai  ai  ’ 


Hence  ve  can  consider 


s; 


To  suanarlze  thf  decisions  of  agents  ve  shall  call 
a  transition  such  that  the  induced  transition  frcsi 
on  A*  is  a*  •  « * 


t 


a 


by  projection 
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* 


* 


at  could  be  U  a<  •  cf*  ,  the  meaning  then  being  an  aggregation  of 
i^t  1  1 

decisions  of  agents  vhen  these  decisions  are  stochastically  independent 

t+ 

(relative  to  the  distribution  induced  on  A  )  .  Other  aggregating 
processes  could  be  used  according  to  specific  models. 

(7)  Each  agent  i  makes  bis  decision  by  maximizing  a  utility 


function.  To  set  it  in  the  most  general  framework  this  function  should 
be  dependent  on  the  present  signal  and  on  the  decisions  of  other  agents: 

♦ 


«f(s*  (a*)  ,  «*<s?  ))  . 

11  J  JA  11 


But  as  a^(s*  )  is  a  function  of  the  unknown  future  signals,  agent 
1  uses  his  forecast  function  to  compute  his  expected  utility: 


***  -  ^ 
Wj 


.t/  t  #  tv  t/  t  t«-l+v 

ll'jV  0i  1**1 


?*+1( ij,sj(sj))ds^+1  )  . 


2.2  Process  of  the  States  of  the  System 

She  process  (Bt,ut)  reprsssnts  the  sequence  of  states  of  the 


system  B  ■  fi  *  A  When  the  aggregate  decision  a  :  B  — < 

is  taken  it  induces  a  distribution  on  A*  (that  ire  still  write  a*  ) 
and  thus  on  Q*  *  At  ■  H4  *  A*;  naturally  it  is  ot^  9  y*.  (See 
Appendix  1  for  notation  and  definition  of  the  cross  product.) 


How  the  Law  of  Notion  of  the  system  is  w*+^:  *  A^  — <  0^*  ^ 

and  we  define  a  distribution  on  ft**1  *  «t  **  A*  «  Ht+1  by 


(2.2.2)  y**1  *  Qt  •  y*  . 

' '  »  :  - 

(See  Appendix  1  for  an  equi Talent  definition  of  a  Markorr  process.) 
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Qx  does  not  appear  on  the  diagrams  but  w  can  extract  it  from  the 
defining  foraula,  y*+^  is  defined  on  H***  ■  Q*+^  *  H*  k  A*  by 
v  fit+1  -  st+1  X  X*"  €  0*"®A*"  where  Et+1"  x  X *"  -  Et+1  x  g*  x  Xt_, 

(2.2.3)  yt+1(St+1“  x  X*")  -  .  /  s**V",  a*"  l**1)^  ®  Mt)(dwt"  da*"). 

2*xX* 

AS  a*®  y*  is  defined  by:  a*®  v*(H*  *  tf6)  -  J+a*(h,A*)l»*(dh), 

H* 

we  have 

(2.2.U)  y  t+1(Et+1"  x  J*')  -  /  ,t+1(v*",  a*"  E*+1)  cxV.da*)  yt(dvt"  da*") 

E^xl* 


If  y*+1  ■  Q*  o  y*  we  would  have 


(2.2.5)  „*+1(S*+1"  x  JC*")  -  /tQ*(h*,l*+1"  x  X*")„*(dh)  . 


H 


We  can  write  the  fonaila  (2.2.U)  such  that,  coqsared  with  (2.2.5),  we 
see  that  Q*  is  the  expression  between  brackets: 


W1' .  **->  • 


t+1,  t-  t-  =t+lv  t,^  -  fel  t 

W  ,  a  ,  E  )o  (h  flxT)  |y 


(ah) 


Thus,  Q*  is  defined  on  the  square  sets  (and  its  extension  on  H*+1  is 

»  t  t  e  t  *t+l 

unique)  for  y  almost  every  h  H  and  for  every  1  * 

t*1  x  fi*  x  X*  €  H*+1: 


(2.2.6)  Q*(h*,fit+1)  -  ^(h*)  Jt**^1(h*,a*,gfc4l)a*(h 


t,.  t  .  t 


,da  )  . 


Thus,  we  have  established  the  following 


Proposition :  The  process  defined  by  a  measure  ji°  on  H° , 
the  sequence  x  A^  *  *  H*  x  A* ,  the  Motion  Law 

0^  x  A*  — <  and  the  aggregate  decision  rule  a*:  — < 

is  a  Markov  process  whose  kernel  Qt  is  defined  above  by  (2.2.6). 

The  underlying  process  0*  *  At_1  is  more  general  as  its  distribution 
depends  on  all  previous  states,  but  of  course  if  it  were  assumed 
Markovian  from  the  beginning,  as  is  often  done,  H*  also  would  be 
Markovian,  a  fortiori. 

Very  often  in  similar  models,  the  exogenous  stochastic  process 
(nV)  is  assumed  to  be  a  Markov  process.  The  fact  that  the  state 
of  the  system  Is  a  Markov  process  is  then  a  direct  consequence  as  we 
have  shown  elsewhere  for  the  models  of  Grandmont  and  Hildenbrand  [1971*], 
and  Green  and  Majundar  [1972]  (see  Appendix  4). 

2.3  The  Decision  Process  of  Each  Agent 
At  time  t,  agents  know  only  the  previous  signals  of  Si 
and  previous  actions  of  A^  .  In  another  context  we  could  consider 
that  he  would  know  past  signals  and  actions  of  other  agents,  but  here 
let  him  only  deal  with  the  set  S*  of  signals  he  receives  from  previous 
states  and  actions  by  way  of  the  random  variable: 


For  every  signal  and  for  each  of  his  actions,  agent 
of  vhat  his  future  signals  will  he  S*  *  A“ 
the  structure 


We  deduce  on  H*  *  S j  x  A*  the  distribution  (a*  ®  a*)  ®  .  Nov 

the  problem  of  forecasting  for  agent  1  is  that  of  comparing  his 

forecast  f^*1(s*,a*)  vith  the  distribution  on  S^+1.  This 

distribution  is  induced  from,  the  distribution  on  Ht+1  by  the  signal 
t+i 


t  t  t 

We  clearly  need  a  link  from  Si  *  A,  to  E  sb  that  its  composition 
vith  o*+1  •  Q*  can  be  compared  vith 

Proposition:  For  every  decision  process  o^,  there  exists  a 
transition  from  *  A*  to  which  is  defined  by 
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(2.3.1)  mJ®[(«J®o*).  U*]  -  («£®0£)®«it  . 

Existence  cones  fron  the  theorem  of  Jirlna  when  the  spaces  H*  and 
t  t* 

8^  *  are  both  metric  and  separable;  this  result  Is  fun  dement  al 

In  Bayesian  inference:  M*  is  the  posterior  distribution. 

We  can  now  clearly  define  what  we  mean  by  informational 

t+1 

equilibrium:  the  expectation  of  agent  1  at  time  t,  must 

match  the  objective  transition 

(2.3.2)  o^1  .  Q4.  mJ  . 


2.4  Informational  Equilibrium 

1.  From  formula  (2.2.6)  we  see  explicitly  how  Q*  Is  a  function 
of  a*.  Let  us  write  Qt(ot)  for  clarity.  Frost  formula  (2.3.1).  we 
see  that  M*  is  a  function  of  a*.  The  relation  between  the  family 
of  Oj's  and  the  distribution  they  generate  on  S^+1  next  period 
is  then 


Bi(at)  -  o\+1  .  Q(at)  .  M*(a*) 

t  t  n 

where  a  »  (O.g  is  an  element  of  the  set  V  ■  XT.  the  product  of 

i*l  1 

the  sets  of  decisions  of  each  agents  ■  (a*  •  o* :  s*  — <  A^} . 

The  relation  between  f*+1  and  a*  depends  on  the  specific 
model  of  decision  making.  In  models  where  actions  are  defined  by  a 
temporary  equilibria  for  exaople.  for  every  verifying  certain 


~*Js  *>■  ■- 1  ^  !»«■' & *■  -W Ji*' - . y 


-  v*  >»  jEtM 


conditions ,  the  corresponding  o^'s  will  he  in  the  set  of  optical 
decisions.  Let  us  call  y^T1)  the  set  of  decisions  that  agent  1 


■akes  according  to  his  forecast. 


t+1  „t 


If  Fa  Is  the  set  of  forecasts  of  agent  1,  Ft  ■  {f  4  :  Sj  * 


Is  a  correspondence  fro*  Fi  t0  V1 


n  n 

Let  us  call  P  ■  X  V.  and  F  —  X  F  and 
1-1  1  1-1 


8:  V 


<•?>. * 


•(•V-  (•1c«^))1gI 


Y:  F 


pt  *  (fi)l^IV - *  Y<ft)  *  (Yl(,i))l«I 


We  then  have 


Definition  i*  The  fndlles  of  forecasts  ¥  and  of  decisions 
a*  are  In  lnforaational  equilibria*  If: 

eta1)  -  T*  and  rtf1)  *  a1  • 


Or,  if  we  consider  the  correspondence 


(8,y)!  V  x  F 


F  x  V  . 


PrUfliVT  9*  ^onM:fcionAl  e^otllhriun  Is  a  family  of 
deelsior*  **  *  &PitGi  *“4  of  forecasts  f*  ■  (¥*)^  such  that 
(«*,¥*)  is  ft  fixed-point  of  the  correspondence  (0,y). 

Sfclstence  of  such  ft  fixed-point  relies  on  properties  of  the 
Model  as  far  ee  P,  F  and  0  are  concerned  (these  are  studied  in 
section  3)*  The  properties  of  y,  cu  the  other  hand,  rely  on  the 
features  of  the  decision  ■  eking  nodel  of  each  agent  (examples  of  such 
models  are  reviewed  In  section  4).  Using  Kakutaal  's  theorem  for  en 
appropriate  topology  we  have  to  prove  that  P  *  F  is  compact  and 
convex  and  that  ( 0, y) .  is  a  noa-eepty,  compact  and  convex-valued 
correspondence  and  has  a  closed  graph. 

3.  Fixed-Point  Properties  at 

In  this  part  we  cult  all  time  and  agent  indexes  unless 
needed.  The  fixed-point  properties  of  the  nodel 

P  x  F  Is  compact  and  convex 

0  is  continuous  , 

are  proved  for  the  y-weak  topology  on  the  set  of  transitions,  as 
defined  in  Appendix  2. 

The  properties  of  y  depend  on  the  definition  of  the  way 


agents  are  making  their  decisions;  this  is  not  part  of  the  model.  Tw 
examples  of  correspondence  y  are  given  in  section  4. 


Ob  1,  eoapaet  by  assumption,  th«r«  is  tbs  "real"  (unknown) 
probability  V.  Then,  according  to  Appendix  2,  ve  transfora  for 
every  i  6  I 

:  I  —  " -  —  <  Aj  in  -  1  <  I  x  , 

Definition;  o^  is  said  to  converge  p -weakly  toward  a, 
iff  on  0  v  converges  weekly  toward  a  0  y . 

Consistent  with  the  notation  of  Appendix  2,  let  us  call 
P’  the  set  of  probabilities  on  H  x  A.  C  is  caepoct  for  the 
topology  of  the  week  convergence  of  Measures  on  the  oaagpact  set 
H  x  A.  9'ti,  the  set  of  probabilities  on  1>A  whose  Marginals  on 
K  are  v,  la  contact  too,  end  so  ia  Pp,  the  product  of  seta  of 
equivalence  p-a.e.  classes  of  transitions.  V,  V,  Pu,  P’p  are  convex. 

We  then  have  the  first  result. 

Besult  1;  For  every  probability  v  on  H,  Pp  is  caepact  convex. 

On  8*  x  A*  the  probability  is  the  cross-product  of  the 
probability  on  8* :  o*  •  pt,  and  of  the  transition  a*  fron  8* 
to  A^,  which  is  in  fact,  the  dietribution  that  agent  1  decides  on 
the  set  of  his  actions,  given  his  signal.  Ve  have: 


Let  ue  call 


v*  -  a*  ®  (o\  •  y*)  . 

If  is  the  set  of  transitions  fraa  S*  *  A*  to  S**1  (we  now  write 
Sj  x  A^— <  S^1  and  drop  the  index  t  ) ,  1st  F*  be  the  set  of 
probabilities  on  S1  x  x  Sj1;  FJv^  the  set  of  probabilities  on 
Sjl  *  k±  *  S*1  Whose  marginal  a  on  8^  x  v^.  For  the  v^-weak 

topology  on  all  these  sets  are  compact.  FJt  F*,  F^v^,  and 

F’v.  are  convex.  Then  F  ■  X  F.v.  is  compact  and  convex  being  a  finite 

x  x  igj  1  * 

product  of  compact  convex  sets  for  the  topology  canonically  defined 
by  !“♦?<->  fi€l  Vj-weakly. 

Result  2:  For  every  probability  y ,  and  family  of  decisions 
a1,  F  is  a  compact  set  for  the  above  topology. 

To  prove  the  continuity  of  0,  we  translate  the  problem  in 
terms  of  transition  to  a  problem  in  terms  of  measures: 

a  6  Py  ■  '  "■  ■ »  (a  •  o)  ®  y  €  0‘y 

n  n 

*!<«„>  e  rt - ►  «(.„)  .  u]  e 


“"V.V  -W 


jw-  «tt*;  »>  K>  *  * oC-vtf.  *  t VJ' 
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and  if  a  — — >  a  which  means  that  (a  0  a)  0  y  — >  (a  0  or)  0  y 
n  d  w 

we  hawe  to  prove  that 

(3.1)  0  (<*n)  0  I(an  0  a)  •  y]  0(a)0  [(<*0  o)  •  y] 

Recall  that  $(<*  )  «  o+  •  Q( a  )  «  M(a  )  with  M(a  )  verifying 
n  n  n  n 

the  defining  equality  N(a  )  0  (a  0  o)  •  y  ■  (a  0  a)  0  y. 

n  n  n 

(3.1)  means 

V$  €  8X(A  x  S  *  H*)  , 

(3.2)  /  {(a,s,h*)8(a  )(a,s,dh+)[(a  0  a)  •  y](da,ds)  converges. 
AxSxH* 

(3.2)  is 

/  £(a,s,h+)  /  Q(o  )(o+(h) ,dh+  )M(a  )(a,s,dh)((o  8  a)  •  y](da,ds) 
AXSXH+  H  .  n  n  n 

Ry  the  definition  of  M(aQ) ,  this  implies  V g  e  BjU  x  s) „ 

/  /  g(a,s)M(o  )(a,s,dh)[(o  0  c)  •  y](da,ds) 

H  A*S 

■  /  y(dh)  /  g(a,s)(o  0  o)(h,da,ds)  . 

H  A*S  n 


8o  (3.2)  becomes,  since  V  h+,  {(a,s,h+)  *  g(a,s) 


/  y(dh)  /  $(a,s,h*)Q(a )(c+(h) ,h+)(a _0  o)(da,ds)  . 
H  AxSxff*-  n 


(3.3) 


Ve  vast  to  prow  that  (3.3)  converges  toward 


/  f(a,s,h*)B(a)(a,8,db+)[(a  •' a)  •  y](da,ds) 
AXSXH+ 

which  becomes  under  the  same  simplifications : 


/y(dh)  /  ^(a,s,h+)Q(e)(o+(h),dh+)(o  #  o)(h,da,ds)  . 
H  AxSxH* 

Ve  are  thus  confronted  with  proving  the  following: 


/  y(dh)  /  $(k,l)Q(vn)(h,di)v  (h.dk) 
H  KXL  . 


/  y(dh)  /  {(k,£)Q(v)(h,di)v(h,dk)  converges  toward  0  . 

H  KXL 


This  can  he  shown  by  adding  and  subtracting  the  tern 


J  y(dh)  /  {(k,i)Q(v)(h,dl)v  (htdk).  Ve  obtain 
H  KxL  n 


/  y(dh)' 
H 


If/  <(k.l 


ft)Q(v  )(h,di)v  (h,dk)  -  /  <(k,t)Q(w)(h,dt)v  (h.dk) 
(|CxL  n  “  KXL  .  ” 


t/ |<k,iWv)(h,dt)v  (h.di)  -  /  f(k,i)Q<v)(h>d*)v<htd:t)  i  . 
xL  n  K*.  J) 


The  second  bracket  is: 


/  v  (h,di)  /  {(k,l)Q( v)(h,di)  -  /  v<h,di)  /  <(h,t)Q(v)(h,dt)  . 
K  "  L  K  L 


-/ {(k,l)Q(v)(h,di),  g  €  6  <i  x  l)*  we  see 
L  i 

/  y(dh)  [second  'bracket  ]  — ►  0 
H 

/  Q(v  )(h,di)  /  {(k,Jl)v  (h,dk)  -/ Q(v)(h,di)  /  *(k,i)v (h,dk) 

L  n  K  n  I.  X  n 

and  if  we  call  gn(h,k)  *  /  {(k,£)vn(h,dk)  €  B1(H  *  K) ,  we  have 

K 

/li(dh)  /g  (h,k)Q(vn)(h,dt)  -/g_(h,k)Q(v)(h,di) 

H  L  n  n  L  n 

Ve  shall  need  the  following 

I*—*:  Q 
Recall  that  this 

Hence,  for  every 

V  c  3  I  V 

in  particular,  for  n  >  Is  we  have  the  saae  result  for  gQ  instead 
of  g,  thus  proving  the  convergence  toward  0  of  the  first  bracket. 
This  ends  the  proof  of  the  following  result 

Result  3:  0  is  a  continuous  function  from  V  to  F  for  the 


is  a  continuous  function  of  a:  a  — -»  a  ■*  Q(a_ )— — ►  Q(a) 

u  uHr  n  y-v 


a  is  the  aggregate  of  and  a:  H 


x  a4. 

id  1 


g  €  0X(H  x  K): 


n  > 


He  |/v(dh)  [/g(h,k)Q(vB)(h,di)  -/g(h,k)Q(v)(h,dt)J  | 


L. 


XT  we  call  g<h,i)  > 


v  w 

n  y-w 


The  first  bracket  is: 


y-week  topology 


■  V *  mlh  i  kh jr» jyfc. -riU-^'n^.  «-'»<  ',.“«■ 


We  tt ill  hare  to  prove  the  Leona,  which  is  by  itself  an  Interesting 
result  concerning  the  process  Q  which  is  continuous  in  a. 

Recall  that  Q(ofl)  is  defined  by:  H4*  ■  0+1  k  g  k  a,  V  2  6  0*\ 
Vfi€ff,  »l6A,Kh€H,  Q(an)(fi,i  x  H  x  I)  .  Xg(h)  /  *<h,e,l)«ii(h,da), 
or  V  h  €  H,  V  {  €  B  (H  x  H+1),  with  H+1  -  (v*h,a): 

Jlt(dh)  /  ^(h,h+)Q(c  )(h,dh+)  ■  /u(dh)  /  .  $(hfv,a)w(h,a,dv)a  (h,da) 

H  H+  n  H  a\k  n 


(h,v,a)*(hta,dv)  6  8,(8*  A) 

a  A 


the  last  Integral  converges  toward 


|l*(dh)  /  £(h,v,a)*(h,afdw)a(h,ds)  »  /»(dh)  /  1$(h,h*‘)<Ka)(h,dh‘') 
H  fl  xA  K  H  1 


¥h“  an^°* 


A  way  to  define  the  relation  y  between  the  forecasts  of  agents 


T***  and  their  decision  a*  is  to  suppose  that 


sort  of  equilibrium 


occurs  at  time  t:  agents  are  optimising  in  a  consistent  way.  Bow 
we  consider  two  different  notions.  First,  a  general  lash  equilibrium 
where  agents  maximise  their  total  expected  gain,  relative  to  their 
expectations  on  the  future  signals  and  where  they  take  the  decisions 
of  other  agents  as  given. 
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Second,  a  Walrasian  temporary  equilibrium  of  pure  market s 

vith  uMti:  we  shall  use  Grandaunt's  model  ([1970]  and  [197U]). 


Definition:  At  each  time  t  (that  we  no  longer  indicate), 
agent  i  makes  his  stationary  decision  <*^.  Recall  that  is 
a  transition  froai  to  and  a  stationary  decision  means  that 
agent  i  chooses  an  a^  in  with  probability  a^s^)  and  that 
next  tine  he  plans  to  choose  a*1  with  probability  e^(s^)  if 
he  receires  signal  s*1,  and  so  on:  (**(8^  *  a±^B±^’  If  hl* 
utility  function  at  time  t  depends  on  his  decision  and  on  other 
agents'  actions  (bj)^*  **■  vrite  ^((Sj)^^)  for  the 

expected  utility.  For  example ,  we  could  hare 

Ui^aJ*J»H,0i*  " /♦  Ui  “VV3*!* 


where  T  is  a  finite  horizon.  The  product  of  the  ^(b^)  means 
that  the  actions  at  time  t  are  independent  of  the  actions  made  at 
other  times. 


Ve  assumed  also  that  decisions  of  agents  are  independent,  so 

that  the  distribution  on  A  ■  X  A.  is  I«.  . 

i^I  1  iSE  1 

In  a  lash  equilibrium  agent  i  maximises  his  utility  taking 
the  decisions  of  other  agents  as  glren,  so  that  his  payoff  would  be: 


•r.f.*.- '\v  v*  v  >v-  ”* 

*  h  .  »  v  *  .  k*.  -A  '  A  *  w  ' 


S’l  •"l-.v-'Iv!. 


Lv 


4wn  a A»A  is  given  far  J  jf  i. 

3  3  ^ 

fbis  agression  depads  on  the  future  signals  s..  Agent  i 

+  x 

has  a  forecast  onildj?;  f*1:  *  k^  — <  S*1  .  la  order  to  avoid 

+1 

the  ccnplexltgr  doe  to  the  product  ve  simplify  as  a 

■ 

transition  fra  8^  to  .  Then  the  total  expected  payoff  relative 
to  the  expectation  on  the  future  signals  s*  of  agent  i, 

given  the  others*  decisions ,  is: 

9i<«*V*i»  -  /*!*<•**— t1+>  /« l«Vj*>0t(*I)) 

Dj  A 

•  n  a(s+,da. )  . 

iSi  1  1  1 

A  lash  equilibrium  is  an  a**  ■  (o*)^  such  that: 

(4.1)  (V  i  €  I)*(V  ai  €  V’V^J^i^i’V  -°i(o»¥i)  * 

So  our  correspondence  y:  F  — >  D  which  relates  forecasts  of  agents 
to  their  decisions  in  a  Hash  equilibrium  is  defined  by: 


r(Y)  -  {o*|  Y  i  (4.1)  holds)  . 


thus  the  first  difference  converges  toward  0,  and  as 


/  ^(aita2,h)o2(h,da)  €  8^  *  H)  , 
A2 


the  second  difference  also  converges  toward  0. 

Now  G  (o  ,f.(s  ))  =  /  /U  H  do.  •  d*. (s  ). 
ini!  's+  JA  ijgj  i  i 

We  want  to  prove  that  if  a  - >  a,  G,  (a  (s,  ),¥. )  — >  G,  (a  (  s . )  ,¥  ) 

n  y-w  inii  i  ii 

a  o  y-a.e.  hut  /  U.df.(s. )  is  hounded  hy  1  (if  U,  was  not, 

g+  x  1  x  1 

take  1  -  l/U.).  So  if  Ik^  q— *  Ila^  ^(“n*8!* — *  <^(<*(8^,^) 
Oo  y-a.e. 


(c)  Let  al^  and  al'  he  such  that  G^(a)  is  maximum  in 

and  call  M  s  G.(  n  9,  x  oM  *  G.(  II  o,  x  aV).  Then  for  any 
1  j#i  J  1  1  J*i  3 

A  €  (0,1)  as  Gi(a)  is  linear  in 


G,(  II  a.  x  (Aa!  +  (l  -  X)al'))  ■  XM  +  (l  -  A)M  ■  M  . 
1  j*i  J  1  1 


Thu »  Aa^  +  (l  -  X)a£  is  such  that  G^(a) 

and  the  set  of  maxima  is  convex. 

We  have  thus  proved  the  first  property  that 

(2)  y  is  convex  valued  for  every  ¥  €  Pt 

and  a"  in  X(f):  G .  (  II  a,  x  a' )  >  G.(a) 

1  J#i  3  1  1 

► 

G.(  no,  X  a")  >.  G,  (a) 

1  J  1  1 


is  maximum  in 

y  is  non-empty, 
and  for  every  a' 

Va  ,  Vi 


Thus  multiplying  the  first  line  hy  X  €  (0,1)  and  the  second  hy 
1  -  X,  adding  the  two  lines  we  have: 


AG^nOj  X  a*)  +  (1  -  AjGjUaj  x  a£)  >.  QjU) 

which,  as  Gi  Is  linear  in  oi#  proves  that  Ae£  +  (l  -  A)<*£  is  in  y(t) 
(3)  y  is  compact  valued.  It  is  sufficient  to  prove  that  yil) 
is  closed  as  F  is  compact. 

If  a  is  a  sequence  of  strategies  belonging  to  y(*)»  and  if 
n 

a  — *  a,  as  G.  is  continuous  in  a,  G.  (a  )  — >  G.(a)  and  thus 
n  1  1  n  1 

G^(ct)  is  nwr-tmiwi  and  a  is  an  equilibrluB  for  f. 

(U)  y  has  a  closed  graph.  Let  be  a  sequence  of 

V  x  F  converging  toward  (a,?)  so  that  V  n  an  ^  •  Y  has  a 

closed  graph  means  that  o  €  y(?)  • 
an  €  y(ln)  means  that 


We  prove  now  that 


so  that 


Vi  V  ait  0(S,f)  i01((«J).^i,a*,f1)  , 


From  the 


of  property  1(b) ,  we  have 


-  nei’V^v  iV 


"  “i 

ie  1 


■1=  °i^an*\n^  *  '  0 


Proof:  The  difference  can  be  written 


/  df ,  fu,  da  -  /  df.  Ju.  <£  +  J  df,  /u, 
S+  A  1  n  S+  ^  A  1  &  *•“  A  1 


da 


"  IUi  • 

S+  1  A  1 


Fran  Lemma  1,  Vi 


\n 


i . ,  o  B  Jl  a. 

1  n  ieii,n 


a  ■  II  a. 
tei 


Thus,  in  the  first  difference,  /U  d©  -/V.  to  can  be  majored  by 

A  1  n  A  1 

as  soon  as  n  >  Ne  ,  for  any  e  >  0.  As  and 

da  €  81(S+),  the  last  difference  converges  toward  0. 


lasa^:  *  0i<63>3#i-°i-V) 


Proof:  This  is  obviously  a  particular  case  of  Lemma  2,  when 
the  sequence  q.  ..c^  Q.  ..a^  *8  replaced  by  .  .a^. .  .o^.  q, 
which  converges  toward  o^. .  .a^. .  .a^. 

We  have  therefore  proved  the  sufficient  conditions  for  y: 


1.  y  is  non-empty. 

2.  y  is  convex  valued. 
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3*  Y  i*  compact  valued. 

4.  y  has  a  closed  graph. 

Together  with  the  properties  of  the  model,  0  is  continuous  and  the 
sets  V  and  F  are  compact  and  convex,  hence  we  can  state: 

Theorem:  In  this  model,  when  y  is  defined  by  a  temporary  Hash 
equilibrium,  the  correspondence  ( fj,y)  has  a  fixed-point. 

Or,  less  formally:  In  this  process  of  decision  making,  if 
agents  make  their  decision  at  each  time  according  to  a  Nash  equilibrium, 
then  there  exists  an  informational  equilibrium  for  the  process. 

This  result  comes  partly  from  the  general  properties  of  the 
model  (properties  of  P,  F  and  £)  and  from  the  fact  that  the  way 
that  actions  of  agents  are  defined  is  a  "sufficiently  continuous"  function 
of  their  forecasts  in  the  temporary  Hash  equilibrium  (properties  of  y) . 

Walrasian  Equilibrium 

In  a  sequence  of  pure  exchange  markets  where  endowments  are 
random  (they  are  given  by  an  unknown  random  process)  and  where  agents 
trade  consumption  goods  at  time  t  and  make  plans  for  consumptions 
at  time  t  +  1,  an  equilibrium  at  time  t  can  occur.  This  is  the 
temporary  Walrasian  equilibrium  as  studied  by  Orandmorrt ,  among  others . 

In  his  model,  time  has  2  values.  (This  could  mean  that  the 
random  process  of  endowments  is  a  homogeneous  Markov  process  with 
constant  kernel,  so  that  the  economy  is  repeated  identically.) 


Actions  of  agents  at  tine  1  are  consumptions :  is  a  compact  set  of 

I  9 

B+  and  a  consumption  plan  for  next  period  A^  which  is  a  compact  set 
of  ]R*,  and  °>i  *  (a^.ep)  where  op  is  a  function  from  the  set 
of  signals.  The  link  between  the  two  periods  is  an  asset  (called 
money)  which  can  be  carried  forward  from  date  1  to  date  2.  Let 

l 

a^  *  m^  be  the  quantity  of  money  that  agent  i  carries  forward. 

The  signals  are  taken  to  be  the  equilibrium  vector  of  prices  which  is  a 
function  of  the  random  endowments  through  the  maximization  of 

2  1  2  1 

expected  utility  relative  to  the  forecast  S  — >  S  .  is 

chosen  to  maximize: 

V^s1)  *  /  U1(aJ(s1)fa^(s1ts2))'r(s1,ds2) 

S2 

under  the  budget  constraints  below.  Set  a*  ■  (x^.sj)  where  is 

money,  the  only  transferable  good  which  is  totally  consumed  in  period  2. 


11^1  110 
s  <  s  w  +  m^ 


r  2  2./  o  .  2»  r  2  2  1  .  2W  1 

j  s  x.  T  (s  ,ds  )  <  /  s  w.  f(s  ,ds  )  ♦  m .  . 

2  1  "  2  1  1 


If  is  the  demand  function  of  agent  i  ;  a^s1)  «  (x^,m^),  it  must 


then  follow  Walrasian  Law: 


l  ctjU1)  -  l  (aj  ♦  *?). 
iS  i€I  1  1 


•,  -  •.  ■*,  •,  *.  ■  ,  *t  ■.  •  »  •,  v  v  * .  *„ 

.  i. :  j  j— i  — i. '-..it.  — 


The  neceesar y  condition  for  existence  of  an  equilibria*  (sA,a) 
(Radnor,  [i960]),  that  is  (namely)  the  excess  demand  correspondence  Is  an 
upper  semi -cont inuous  non-empty  conrex  valued  correspondence  C  »  such  that 
Vv  €  c(s),  s  v  *  0  ,  was  proved  by  Grandmont  [l970]  under  the  following 
assumptions  on  agents 

— Initial  endowments  are  positive  and  the  Initial  endowment  of 
money  is  non-sero. 

— Utility  functions  are  continuous  concave,  strictly  increasing 
and  time  separable 

Ui ( ai ( s1) *°i( s1  *a^) )  *  uJuJU1))  +  uJ^U1,*2))  * 

and  on  the  forecast  functions: 

— ¥a  is  such  that  if  s1  is  a  strictly  positive  price,  f^s1) 
gives  a  positive  probability  to  every  set  of  strictly  positive  prices 
for  period  2. 

— is  weakly  continuous. 

—Tj  is  tight:  V  e  >  0.  3  K  compact  c  S2,  V  s1  6  S1 ,  T(s\k)  >.  1  -  e 

(our  hypothesis  that  S  is  compact  implies  this  last  hypothesis). 

Then,  and  for  this  class  of  forecast  functions,  a  temporary  equilibrium 
(s1,:*)  exists. 

Properties  of  v 


1.  y(f)  is  non-empty. 


2.  y  is  convex  valued  as  if  a'  sad  a”  maximise  /u^(e)d¥, 
JUjUo'  ♦  (l  -  X)ow)dT  >  /XUt(oi')d¥  ♦  J(l  -  X)01(a")d¥  , 

•s  Uj  is  concave ,  and  for  every  a, 

+  (1  -  X )a" )d¥  >  X  Ju^cOdf  ♦  (1  -  X)/ U^ajdf  >  /  U^ajd* 

as  a*  and  a"  are  optimal.  So  Xa'  *  (l  -  X )o"  is  optimal  too. 

3.  Y  is  compact  valued  as  y  (f )  is  closed  and  this  follows 
from  being  continuous. 

U.  y  has  a  closed  graph:  if  («n»*n)  (a,?)  so  that 

I,  a  «  y(¥  ).  Let  us  prove  that  S  €  y(f). 
n  n 

V  a,  /U(an)df  >  /u(a)d¥ 

n  n  —  n 

V  a,  lim  Ju(an)dfn  >.  JU(a)df  as  U  is  bounded,  and 

Iim/U(an)d»n  -  / U(on)  -  U(a)d¥n  ♦  /u(o)d¥n  -jj->  /u(«)d¥  . 

Thus,  there  exists  an  informational  equilibrium  in  a  process 
of  markets  if  it  satisfies  Grandmont's  conditions  for  temporary 
Walrasian  equilibria  to  exist  at  each  time. 

Conclusion:  Let  us  point  out  that  the  temporary  equilibrium 
concept  is  not  essential  in  this  model  for  defining  the  relation  betveen 
the  forecast  and  the  decision  y(f)  ■  a  .  Indeed,  in  Shefrin's  model 
which  gave  us  the  seminal  notion  of  informational  equilibrium  there 


ia  no  such  temporary  equilibrium:  agouti  only  ebooaa  an  opt  Inal  policy 
according  to  a  dynmlc  programing  process  which  is  "optimal  vith 
respect  to  the  process  in  question."  (The  process  in  question  is  the 
process  that  ve  call  0(a)  vhich  generates  the  future  distribution.) 

The  important  result  is  that  for  an  informational  equilibrium  to  exist, 
it  is  sufficient  that  y  is  continuous,  loosely  speaking.  It  is 
satisfying  that  this  is  true  vhen  y  is  defined  by  a  Hash  or 
temporary  Walrasian  equlllbrltm. 

The  continuity  of  y  is  sufficient,  because  our  model  describes 
a  process  in  which  the  future  distribution  is  a  continuous  function  of 
the  decision.  This  result,  as  the  model  itself  is  quite  general, 
could  be  used  to  study  the  learning  process  of  agents  vhich  would 
lead  to  a  rational  expectation  equilibrium.  A  rational  expectation 
equilibriim  could  then  be  a  limit  of  this  informational  equilibriun 
when  the  process  becomes  stationary. 

5.  Conclusion 

We  used  a  structure  which  gives  the  notion  of  equilibrium  of 
decisions  and  forecasts  a  precise  meaning.  In  this  process  of  decision 
making,  expectations  are  formalized  by  forecast  functions  which  agents 
use  to  make  their  decisions.  Here  the  model  is  given  and  ve  did  not 
try  to  describe  the  way  the  Law  of  Motion  *  was  generated  by  the 
system.  This  way  our  results  cannot  be  easily  compared  to  existence 
results  of  rational  expectations  equilibriun  for  Instance,  where  the 
main  problem  is  the  formalization  of  the  process  of  price  formation. 


M  gtna  tte  Mdrtiw  tf  this  Notion  Lav,  w»  pnni  ttet  tte  motel 

ted  tte  DMMitfT  "«ontlauM»N  profirty  to  allow  exlstance  of  an 

equilibrium.  We  wnwted  tte  prtMii  ittelf  from  tte  formation  of 

decisions  through  foraeaat  ftertlau,  to  anpteslta  tte  rule  played 

tgr  Mflh  specific  Motel  of  decision  Mklag.  Zf  tkii  lot  tor  process 

la  continuous  aa  vail,  tteo  aa  ifdlltrl«  eaa  exist.  lev  aach  part 

of  this  aotel  should  te  iMpl  snouted  to  ralata  aora  cloeely  to  and 

telp  solve  aconoolc  daclaion  problems. 

Concerning  tte  Motel  ltaalf  va  could  think  of  aa  a 

formulation  of  aa  equilibration  function  ralatlng  equilibrium  decision* 

and  prices  at  tina  t  and  t  ♦  1. 

Actually,  It  aaod  not  te  aa  equilibrium  modal.  In  a  dlaequilibriua 
t+1 

nodal  *  could  also  te  defined;  It  would  be  a  more  general  Motion  Law. 

Concerning  tte  daclaion  Making  process  of  agents,  an  explicit 
formulation  of  tte  formation  and  implaaaentation  of  forecasts  should  be 
developed.  Then  a  rational  expectation  equilibrium  could  be  thought  of 
as  a  stationary  process  of  informational  equilibria. 
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Introamtlom  to  Appendices 
Probability  Trsmaltlcno 

Our  main  interest  bar*  is  •  description  of  tbs  way  ■  tints  tabs 
uncertainty  into  sc  court  sod  tbs  role  this  plqrs  in  do  fining  statss  of 
economies,  if  not  equilibrium.  Thao,  sotting  aside  as  far  as  possible 
tbs  problems  related  to  the  mgr  daman!  functions  are  derived  from 
utility  functions,  we  shall  try  to  focus  on  the  forecasting,  learning, 
and  acre  generally,  on  the  description  of  consistent  agents  using 
information  to  diminish  the  uncertainty  they  have  to  deal  with.  The 
mathematical  tools  used  to  formalize  uncertainty,  random  events  and 
forecasting  all  derive  from  probability  and  statistics  theory.  It 
seems  that,  although  dealing  mainly  with  the  same  problem,  authors 
differ  a  great  deal  in  their  models,  the  way  they  treat  them  and  the 
results  they  obtain.  Feeling  a  need  to  compare  and  Integrate  different 
works  in  the  same  framework,  we  have  tried  to  build  a  general  model 
of  markets  under  uncertainty. 

Seeking  generality,  a  tool  more  general  than  probability 
distributions  was  needed:  probability  transitions.  They  have  been 
used  very  widely  in  dealing  with  conditional  probability.  They  are 
also  the  simplest  way  of  describing  a  family  of  distributions  indexed 
by  a  parameter  as  is  the  case  in  most  statistical  models.  They 
represent  what  is  called  in  game  theory  a  mixed  strategy  (an  agent 
assigning  to  each  element  of  his  set  of  information  a  probability 
distribution  over  the  set  of  pure  strategies).  Thus  they  allow  us  to 


•j--: 
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represent  (and  to  oonceive)  concepts  ty  the  hh  Mans;  agents  using 
their  information  or  deciding  their  actions. 

Another  reason  why  probability  transitions  are  useful  is  that 
the  complicated  definition  of  composition  girts  birth  to  a  very  simple 
notion  (it  is  the  sssm  as  the  composition  of  function,  which  is  indeed 
a  particular  case  of  the  composition  of  transition) .  Thus  we  see  more 
easily  the  structure  of  models  in  which,  without  this  tool,  we  were 
lost  in  long  calculations  not  appealing  to  intuition. 

Thus,  the  description  of  a  Bayesian  learning  process  is  rather 
simple  and  easy  to  describe  by  a  drawing.  In  dynamic  processes  we 
very  often  hare  to  deal  with  Markov  chains.  I  think  that  the  use  of 
composition  and  "crossed  product"  (an  operation  I  define  ldiich  generalizes 
composition  and  is  very  useful  as  soon  as  we  hare  product  spaces,  as 
usually  is  the  case  for  stochastic  processes)  makes  clear  how  assumptions 
about  the  processes  are  related  to  the  results  (Appendix  4) . 

This  first  appendix  gives  definitions  and  algebraic  properties 
of  probability  transitions  (parts  1,  2,  3  and  4),  then  applications  to 
Bayesian  estimations  (5),  conditional  probabilities  (6)  and  Markov 
processes  (7).  The  second  appendix  defines  a  topology  on  a  set  of 
transitions  Which  is  consistent  with  the  weak  topology  on  a  set  of 
measures.  The  third  describes  the  formation  of  forecasts  and  the 
fourth  is  a  reformulation  of  models  and  results  on  stationary  equilibrium. 


Appendix  1 


Transition  Probability  as  a  Modelling  of  Relations  Under 

Uncertainty. 

Because  In  bo dels  describing  decisions  of  agents  we  deal  very 
often  with  probability  transition  (to  each  signal  he  receives* 
agents  assign  a  probability  distribution  on  a  space)  and  because 
measurable  correspondences  (hence  measurable  functions)  and  probability 
are  particular  cases  of  probability  transitions*  it  seems  useful  to 
emphasize  the  role  of  these  morphisms.  In  doing  so  it  occurred  to  me 
that  an  operation  was  needed  to  describe  Bayesian  inference  and 
this  operation  appeared  later  to  be  very  useful  in  dealing  with 
product  spaces.  I  first  called  it  "produit  bizarre,"  but  "crossed 
product"  seems  to  be  simpler. 

1.  Definition  of  a  probability  transition 

Let  A  “  (A*A)  and  B  ”  (B,B)  be  two  measurable  spaces  and  let 
T:  A  x  B  — >  [0,1]  be  such  that: 

(i)  Va  €  A,  T(a,»):  8  — — >  [0,1]  is  a  probability  on  (B,B). 

(ii)  V Bq  6  8,  T(«,Bq):  A - >  [0,1]  is  measurable  for  the 

Borel  sigma-algebra  on  [0*1]. 

Then  T  Is  called  a  probability  transition,  or  shorter,  a 
transition  from  A  to  B,  and  we  shall  denote  it  T:  A  — -<  B. 

2.  Particular  cases  of  transition. 

(i)  Probability:  a  probability  P  on  (A,A)  cam  be  viewed 
as  a  transition  from  any  space  of  only  one  element  (•,{{•},♦))  to  A, 


such  that  Aq  €  A  ?(•  ,Aq)  *  P(AQ).  So  v«  ®hall  denote  P:  *  — < 
for  a  probability  on  the  measurable  space  A. 

(ii)  Measurable  function  A  - >  B.  We  can  associate  to 

4  the  unique  transition  F:  A  - <  B  such  that 

f 1  if  *(a)  €  B 

V  a€  A  V  BQ  €  8,  F(a,BQ)  «  0  . 

[o  if  not 

3.  Composition  of  transition. 

Definition:  We  call  composition  of  transitions  T  from  B 
to  C  and  S  from  A  to  B,  and  we  write  T  •  S  ,  the  transition 
from  A  to  C  defined  by: 

(Va  €  a)(VCq  €  C)  T  o  S(ft»CQ)  *  /T(b,CQ)  S(a,db)  . 


(Let  us  be  reminded  that  if  4  is  an  integrable  function  on  B,  and 
if  S  is  a  transition  from  a  to  B,  for  each  a,  S(a,»)  is  a 

probability  on  B  and  we  write  /  £(*>)  S(a,db)  for  the  integral  of 

/  B° 

4  relative  to  the  measure  S(a,* ) • ) 

(i)  Bssmple:  Composition  of  functions: 


(V 


a  e  a)(v  cQ  ec) 


FU,C0) 


jG(b,Cft)F(a,db) 
B  u 


-  Jl  .  (b)F(a,db) 
B  ®”1(C0) 

-  K«.*_1Co0))  -|0 


if  £(a)  G  g"1^) 
if  not. 


And  the  transition  associated  with  g  •  takes  for  a  and  CQ, 


the  value 


if  g  •  tf(a)  6  CQ 
if  not 


which  is  G  •  F(a,CQ)  . 


(ii)  Induced  transition;  Let  T  be  a  transition  from  A  to 
B  and  4  a  measurable  function  from  B  to  C.  If  F  is  the  transition 
associated  to  £  ,  we  can  write  F  o  T  for  the  composition.  It  is 

V  CQ  €  C,  F  e  T(.,C  )  =  jF(b,Cn)T(a,db)  *  Jl  (b)  T  (a,db)  =  TU.^UU 

b  b  r  ( v 

which  is  the  image  of  T  by  (J. 

From  now  on,  aggregating  and  F  we  shall  write  ^  o  T  for 
the  image  of  T  by  jj  • 

A  particular  case  is  when  P  is  a  probability  on  B  (A  =  • )  and 
4  a  measurable  function;  ^  «.  P  is  defined  by,  and  £  ©  P  is  the 
probability  induced  by 

4.  Crossed  product  of  transition: 


Composition  is  a  particular  case  of  the  following.  Let  8  be 
a  transition  from  A  to  B  and  T  from  B  to  C.  We  can  define  a 
transition  from  A  to  the  Cartesian  product  B*C  by  defining  it  on 


the  rectangles  of  8  ®  C,  V  a  S  A,  t  BQ  x  CQ  €  8<®  C 

I  T(b,CjS(a,db) 

B-  0 


a)  ¥  E€  8#C,  V  c  €  A,  T®S(a,E)  is  defined  as  the  unique 
prolongment  of  T®  S(a,* )  vhich  is  defined  as  additive  and  monotonic 
(thus  sigma-additive )  on  the  sigma- algebra  of  rectangles  of  the  form 
Bq  x  Cq  vhich  generates  8  ®  C  ( see  the  Neveu  theorem  of  prolongment 
Proposition  I-C-l) . 

h)V  E  €  8®C,  T®  S( •  ,E)  is  measurable.  Because  of  the 
preceding  theorem  it  suffices  to  prove  it  on  the  rectangle  Bq  *  Cq  . 
T(»,Cq)  is  measurable  as  T  is  a  transition,  thus  T(»,Cq)  is 
uniform  limit  of  linear  combinations  of  characteristic  functions.  To 
shov  that  T  ®  3(  • ,  BQ  x  CQ)  «  /  T(b,CQ)  S(*,db)  is  measurable,  it 


o  .  [T®8](sB  )  »T®S(sB  *C)  =  /  T(b,C)  S(  •  ,db)  *  S(Bq) 

B  u  B- 


^  oc  •  [t  ®  S]  =  T  o  s  ,  V  c0  e  C 

o_  •  [T®  S](*,C0)  *T0S(',B*C)«  /T(b,C0)  S(*,db)  -  T  •  S(*,C0)  . 
■;  c  U  B0 

1 


JL 


AltLough  certain  care  must  be  taken  for  left  associativity,  cross 
product  is  associative  (see  ny  thesis,  Annex  l). 


The  measurable  function  associated  vith  the  crossed  product  transition 
of  the  associated  F  and  G  to  |  and  g,  is  the  couple  (|(,g  °  tf) 

b)  Product  probability: 


Let  w  ■  T  ®  P  which  is  a  probability  on  B  x  C  then  a  o  ir  ■  P 

B 

(Heveu  Proposition  III,  2.1). 


-4l- 

Reclprocally,  if  B  and  C  are  closed  in  Rn,  and  if  *  is  a 
probability  of  B  *  C,  there  exists  a  transition  from  B  to  C 
called  the  probability  conditioned  by  let  us  write  it  w°B  (or  *(.|0 

B 

which  is  such  that  *  *  ir°B  ®  P  (or,  w(»|oB)  £  P)  (Raoult  [1975]). 

c)  Induced  distribution:  In  the  following  diagram  we  see  that 


C 


5.  Application  of  transitions  to  Bayesian  estimation 

Let  0  be  the  set  of  parameters  (together  with  a  sigma-algebra, 
if  the  model  doesn't  imply  any,  let  it  be  the  set  of  all  subsets  of  6), 
and  let  y  be  a  prior  probability  on  6,  If  x  is  the  measurable 
space  of  experiments ,  let  F  be  a  transition  from  0  to  x  describing 
the  statistical  structure. 

A  Bayesian  statistician  will  use  *  B  P  •  li  as  a  predictable 
probability  on  X.  On  9  *  X  we  can  define  P  ®  y. 

Let  I:  0  x  X  - >  x  x  0 

such  that  (0,x)  - >  (x,0). 

If  6  and  X  are  closed  subsets  of  seme  ]Rn  there  exists  a 
transition  M  from  X  to  0  such  that:  l»  (M  ®  *)  *  P  0  y. 


x,  M(x,» )  is  called  a  posterior  distribution  on  9.  This  is  the 
probability  that  the  Bayesian  statistician  uses  instead  of  p,  when  he 
has  observed  x  .  He  will  then  predict  that  an  event  XQ  G  x  will 
have  the  probability  P  •  M(x,xri)  . 


Ideation  to  Conditional  Probabilities 


Unhappily,  the  c oemon  way  of  writing  conditional  probability  is  the 
reverse  of  the  way  we  wrote  the  transition.  The  probability  conditional 
to  x  on  B  is  a  transition  from  A  to  ft  such  that: 

VAQ  e  a,  VBQ  e  8,  Jp(b0|x«x)[xopK<*)  -  p(x_1(a0)  n  Bq) 

*0 


Then  Y  induces  a  new  probability  on  B:  I  o  P(*|x)  • 

From  the  knowledge  of  x  •  P  and  of  P(*|x)  one  can  define  a  "natural" 
probability  on  the  product  A  x  B  by: 


v  Ajj  e  A.  V  B0  €  8,  [Y  O  P(  •  |x)]  ©  [x  ®  PKAjj  X  Bq) 

-  J  y  •  P(B0|x  -  x)(x  •  P)(dx)  . 

Ao 

Symmetrically,  in  conditioning  relative  to  Y,  ve  have  on  B  >A 
the  probability 

t  Bq  €  B,  V  Aq  €  A.  Ix  o  P(- |Y)]  ®  [Y  o  p](bq  x  Aq) 

-  fx  •  P(Aq (Y  =  y)( Y  •  P)(db)  . 

B0 

Bow  if 

Is  A  x  B  — — — »  B  x  A 
(a,b)  . .  Cb,a)  , 

I  •  C[Y  •  P(«|x)J  9 U  •  PJ)  -  tx  •  P(‘|Y)]  ®  Y  .  P  , 


which  is  easier  to  look  at  on  the  diagram  than  to  read! 


Application  to  Markov 


If  tine  is  a  discrete  nusber  t  E  X,  a  stochastic  process 
X  ■  Where  ^  is  a  random  variable  fro*  (O.F.P)  to  (S,S), 

then  (S.Xj.)  is  said  to  he  Markovian  if  the  probability  induced  on 
(8,S)  by  xt  depends  only  on  xt_1»  or» 

V  (x^** • • »xt-l)  ® 

p(xt e  \i.a[x.  -  ■  p(xt  e  Atixt-i  ■  h-i> 

Hence,  for  any  measurable  and  bounded  function  £  on  S ,  if  ve  write 

(X  )  .  o  P  for  the  Joint  distribution  of  the  X  ,  e  <  t,  and 

s  s<t  a  — 

xt  °  P<-Kx,).<t  ■  <*.>.<*> 

for  the  distribution  of  X  conditional  on  all  previous  realizations  of 

v 

the  X  ,  we  have: 

0 

^(x)t(x.).<t  °  Pl(ax)  *  /«x>[xt  ° 

*  J«x.>.<t[(x.>.*t  *  pl(tai . a*t^)  ' 

So,  tor  any  \  6  «,  i  *  ^.....S^xA,  • 


tx,  o  Fit*,)  -  /l3i . S^xA,'*! . \,t(x.>.<t  °  Plttel . 4 

*  /  /  txi  0  PHaxilXi  -  0  pl<4*t-jJxt 


[ 

< 


jr 

5  ' 

* 

> 


c 


. 


.iAL  j1  -■.  >■■/,  ryyy?r^!"r  1 J" ,.  ■  f^'i^'fj1 
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ttms,  if  ve  call  At(xt_1^t>  **  /  [Xt  •  PHdxJIX^  *  x^]),  as  it 

*t 

is  easy  to  verily  is  a  transition  from  S4  ^  to  $,  and  we  can  write: 

[Xt  •  P](At)  ■  (Xt  •  o  P])(At)  . 

It  is  called  the  transition  (or  kernel)  in  t  for  the  process.  In 
the  case  where  for  every  t,  A^  *  A,  the  process  is  said  to  he 
homogeneous  and  it  ia  perfectly  defined  hy  X  o  P  and  X, 

^  •  P  -  A*"2  »  [Xx  •  P] . 


wi 


f«T-V  J 


on  a  Set  of  Transition 

All  sets  A,  B,  C,...  are  supposed  metric  and  separable  in  this 
appendix. 

If  T  is  the  set  of  transitions  from  A  to  B,  we  need 

to  define  a  notion  of  convergence  of  a  sequence  which  fits  at  the  same 

time  the  notion  of  convergence  for  the  sequence  Tq( • ,B)  of  measurable 

function  in  [0,l]  and  the  sequence  T^(  a,* )  of  probability  measures 

on  B.  The  distance  on  T  defined  by  |T|  ■  sup  |T(a,*)l  is  a 

c£A 

candidate  but  does  not  give  many  properties  to  T.  In  a  Bayesian 
structure,  where  there  is  a  probability  measure  u  on  A,  the  general 
idea  is  to  transform  the  problem  in  terms  of  transitions  to  problems  in 
terms  of  measure  on  the  set  A  *  B  (Florens  [1977],  Raoult  [1975]). 

For  a  fixed  y,  every  transition  T  from  A  to  B  defines  a  unique 
probability  on  A  x  B:  T  ®  y  ,  whose  marginals  are  y  on  A  and 
T  •  v  on  B.  Reciprocally,  every  measure  on  A  *  B  whose  marginal 
on  A  is  y,  defines  y-a.e.  a  transition  **  (*  conditioned  by 

the  projection  on  A)  such  that  w  »  T . 

If  we  call  T'y  the  set  of  probabilities  on  A  *  B  whose 
marginals  are  y ,  we  have  defined  a  bijection  I  between  T'y  and 
the  set  Ty  of  equivalence  classes  y-a.e.  of  transitions  from  A  to  B 

Definition:  y-topology  on  a  set  of  transition  from  (A,A,u)  to 
(B,8).  For  every  topology  on  T’y ,  we  shall  define  on  Tu  the  topology 
which  makes  I  an  isomorphism,  which  is  to  say: 


‘ni mr  1  v*xni rnr',9T 

and  call  It  y -topology. 

y-weak  topology  on  T. 

We  need  a  topology  which  makes  T  compact.  If  A  and  B  are 
compact,  and  thus  A  x  b  la  compact  too,  we  are  using  on  T'y  the 
topology  of  the  weak  convergence  of  measures  which  we  define  hy 

*n  - »  *  Iff: 

V*es  (B),  /  *dir  - ►  J  £ dw 

X  B  n  B 

where  B^B)  Is  the  set  of  real  valued  functions  on  B  hounded  hy  1. 

For  this  topology  if  the  set  A  *  B  is  compact,  the  set  of  probabilities 
on  A  *  B,  T*  ia  compact. 

Proposition:  The  set  T'y  of  probabilities  on  A  x  B  compact, 
whose  marginals  on  A  are  y,  is  compact. 

Proof:  The  set  T'y  of  probabilities  whose  marginals  are  y,  is 

a  closed  set  of  T'.  The  marginals  of  w  is  proj^o  v  and  the  main 

theorem  of  weak  convergence  is  that  if  v  — *  w,  Xo  w  — >  x  ©  w. 

n  n 

Here,  if  irn.  — >  i,  y  ■  proj^  °  *n  — *  proj^  #  *  which  is  thus  y  . 
Uote:  Because  all  w  €  Ty  have  the  same  marginal  y,  it  is 


sufficient  to  assume  that  y  is  tight,  and  B  compact  for  ly  to 
be  compact. 


We  will  need  the  following; 


Proposition:  For  every  sequence  of  transition  Tn:  A  — <  B, 

Tq  converges  y-weakly  toward  T  if  and  only  if  for  every  C  and  every 
transition  U:  B  — <  C,  U  ®TQ  converges  y-weakly  to  U  gT  . 

Proof;  UgT<»>  If  fS^fAx  B*C)  . 

/  y(da)  /  f(a,b,c)  U  ®  T  (a,db,dc)  converges. 

A  ace  n 

We  can  write  the  integral 

/ y(da)  /  /u(h,dc)  4(a,b,c)  T  (a,db) 

A  B  U  J  “ 

as 

/ U(b,dc)  {(a,b,c)  €  b.(A  x  b)  . 

C 

By  definition  of  T,  the  integral  converges  toward 

/  y (da)  /  /u(ttdc)*(a,b,c)T(a,db) 

ABC 

which  is 

Jy(da)  /  <(a,h,c)  U®T(a,db)  . 

A  BxC 


The  converse  is  obvious:  take  C  ■  B  and  U  *  identity  on  B. 


C  and  every 


Proposition:  Por  every  sequence  Uq:  B  — < 
transition  T:  A  — <  B,  UQ  converges  (T  •  v ) -weakly  toward  U, 
iff  Un  9  T  converges  p^veakly  toward  U  9  T  . 

Proof:  Un  »o^»u  <»>  V  $  €  B^C),  Jt*  ji(db)  /  $(c)  U^b.dc) 

B  C 

converges  <•>  /  /  T(a,dh)  v(da)  /  /(c)  U  (b,dc)  converges.  Then 
BA-  C  n 

Up®  T  —  >  U®T  iff. 

V  g  €  A,  (B  x  c),  /(da)  /  g(b,c)U  (b,de)T(a,db) 
x  A  BxC  n 

converges,  but  this  is  true  as  /g(b,c)T(a,db)  €  B(C).  The  converse 

B 

is  evident  as  it  is  sufficient  to  take  g(b,c)  constant  in  b  to  have 
a  function  of  B(C). 
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*PP«Pdlx  3 

Forecasts 

In  our  nodel  we  suppose  that  agents  know  that  they  are  In  a 
process  where  the  distribution  on  the  future  random  events  is  generated 

hy  a  transition  x  A*  - <  .  Hence  they  take  into 

account  their  decision  when  they  forecast  the  part  of  Qt+1  that 
they  could  know  through  o*+1 :  Ht+1  — ->  8*+1.  This  is  why  we 
suppose  the  forecast  function  to  be 


t+l. 
Ti  * 


8 


How  could  this  forecast  function  be  obtained?  Let  us  change  this  to 
T*+1:  s*  — <  8^+1  to  simplify  the  exposition.  This  anticipation 

function  finds  Justification  of  its  existence  in  statistical  techniques 

of  forecasting.  If  we  suppose  that  uncertainty  in  the  model  can  be 
described  by  a  statistical  structure  (Q,  8,*)  where  0  is  the  space 
of  states  of  nature  together  with  a  c-  algebra  F,  8  is  the  space 
of  parameters  on  the  probability  distributions  on  (0  ,  F).  (If  we 
suppose  that  9  has  a  a -algebra,  we  can  consider  f  as  a  trans¬ 
ition  probability  from  9  to  0  .)  In  the  Bayesian  case  8,  with  a 
o -algebra  ft  has  a  probability  Measure  p .  We  represent: 
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If  g  is  the  signal  the  agent  is  receiving  at  date  t,  let  us  call 
t 

wt  the  probability  induced  by  ot,  then  *t  *  •  *  (composition  must 

be  understood  in  the  transitional  sense),  that  is: 

V  Q  e  e,  V  s  e  $.  ,  a.  o  v(e,§)  -  Jxfl  .  (v)w(e.dw)  -  v(e,o^1(§)). 
x  x  ft  i  (s) 

How  the  agent  is  making  a  forecast: 

(1)  In  a  classical  sense,  so  he  has  a  classical  non-randan 

estimator:  et:  St  — >9  and  can  be  defined  by 

v  .t  e  st,  v  S  e  St+1.  Viut-S)  *  • 

Or,  if  is  a  randan  estimator  e^:  — <  0,  then  we  shall  have: 

Tt+1  “  *t+l  *  et  * 

which  is 

Wvs>  ‘  /’ t«(e-s)£t('fde)  • 

(2)  In  a  Bayesian  sense,  where  he  deduced  from  his  prior  on 

0,  a  posterior  distribution  M^:  — <  9,  so  we  can  define 

by: 

•  Mt(st ,§)  . 


Vi(V8>  ■  /" t(*t’4e,Vi(e>S)  ■  Vi 


■i 
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A  particular  case  is  vhen  agents  have  a  probabilistic  un¬ 
certainty;  they  know  the  probability  space,  but  they  just  don't  know 
which  event  is  going  to  occur.  In  that  case  a  forecast  function  is 
simply  a  function  from  S.  to  S  .  .  It  is  a  particular  case  in  the 
sense  that  a  measurable  function  is  a  particular  case  of  transition. 

If  y  ;  S  - >  S.  _  is  the  forecast  function,  the  agent  will 

maximize  u(ft+1(st,« )) .  which  is 

/  U(.) 

St+1 

as 


fi  (•)  (6  is  for  Dirac  Measure.) 


Example:  It  is  not  often  that  the  forecast  functions  are  explicitly 
given  in  the  models  reviewed,  although  it  can  be  done  easily,  in  some 
cases.  The  Cyert  and  DeGroot  [1971*]  paper  has  a  very  deep  statistical 
foundation  which  is  appropriate.  Here  the  signal  is  price.  Thus  price 
Pt+1  in  period  t  +  1,  given  price  in  period  t  is  supposed  to  be  of 
the  following  ora:  P  x  ■  aPt  +  Vt+1  where  a  is  fixed  but  unknown 
and  (Vt ) is  a  sequence  of  independent  identically  distributed 
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random  errors  with  mean  0  and  precision  r.  (The  precision  of  a  normal 
distribution  is  the  reciprocal  of  its  variance.)  If  the  firm  has  a 
given  posterior  distribution  for  the  value  of  a  after  it  has  observed 
the  price  P ,  then  this  distribution  becomes  the  new  prior  and 
the  firm  can  apply  Bayes’s  theorem  to  determine  the  posterior  distribution 
of  a  after  the  price  P  has  been  observed.  In  particular,  it 
follows  that  if  the  posterior  distribution  of  a  at  the  end  of  a 
period  t  is  normal  with  mean  and  precision  h^ ,  then  the 

posterior  distribution  at  the  end  of  period  t  +  1  will  be  normal 
with  mean  m^+1  and  precision  h^+1,  where 


h  m  +  rP  P 
*t.l  -  -E-S - 

\ 4  rpt 


and 


ht+l  “  \  +  rPt 


Thus  Pt+1  *  ^Pt+i,Pt^*  the  Prior  Mt  *  ^(mt  ,ht )  and  then 


»(pt+1«.)  *  ^Mt+i*ht+i^  M  deflned  above* 


Here  are  two  examples  of  stochastic  processes  of  markets  which 
give  sons  insight  on  the  Notion  Lav. 

1.  Green  and  Majiadar  [1975]  consider  a  market  process  in  which 

t  _  t 

agents  use  their  private  signals  s^  €  and  given  prices  at  time  t , 
Pt  €  a*  to  decide  their  demand  £*:  8*  *  A*  — *  X*.  The  authors 

assume  that  an  "equilibration"  function  h*  relates  A*  *  Xfc  and 
At+1,  because  there  is  no  equilibrium  at  date  t  (the  total  excess 

t  r  t  \  t 

demand  £  ■  Y  £,  is  not  null),  and  h  expresses  the  tendency  of 
the  system  to  get  closer  to  equilibrium.  Unhappily,  no  economic 
Justification  of  this  function  is  given  and  it  is  not  clear  that 
there  is  one. 

The  idea  is  to  prove  that  the  process  of  prices  is  Markovian 
with  kernel  A  and  that  there  exists  a  distribution  **  on  A  such 
that  this  process  is  stationary  (v*  ■  A  •  »*) . 

Actually,  A  is  defined  by  A^p,*)  *  ht(p,»)  «  Ct(p»*)  •  u 
where  y  is  the  distribution  on  s\  and  A^(p,*)  is  a  distribution 
on  At+1.  The  authors  did  not  prove  that  if  w*  is  the  distribution 
on  a\  ■  A*  •  *t,  but,  from  our  work,  we  can  see  this  as  a 

consequence  of  the  model. 

t 

To  prove  stationarity,  assumptions  are  to  be  made  on  £  and 
h*.  The  most  important  being  that  these  two  functions  do  not  depend 
on  time!  Then  A  does  not  depend  on  time  either  and  the  process  is 


homogeneous.  Stationarity  means  that  there  exists  an  Invariant  measure 
v*  such  that  \  la  neutral  for  the  composition  of  transition  (see 
Appendix  l).  The  authors  prove  the  existence  of  a  set  A'  C  a  such 
that  X(p,  A’)  ■  1  for  p€  A*. 

2.  Grandmont  and  Hildenbrand  [1971*]  (see  also  Grandmont  [1977] » 
Section  5)  consider  a  process  of  markets  in  temporary  equilibria.  In 
this  process  the  exogenous  random  variable  is  the  endowment  of  agents 
at  date  t  which  is  assizned  to  be  a  homogeneous  Markov  process.  The 
equilibrium  state  of  the  economy  at  date  t  depends  on  previous  states 
and  on  the  random  endowments.  The  existence  of  a  temporary  equilibrium 
correspondence  vhich  relates  past  states  and  present  endowment  to 
the  present  state  is  stated.  This  correspondence  is  the  link  between 
tvo  periods.  Through  a  measurable  selection  of  this  correspondence, 
the  state  of  the  economy  is  proved  to  be  a  Markov  process  as  well  as 
the  initial  endowment.  If  the  correspondence  does  not  depend  on  time, 
this  process  is  homogeneous  and  again,  an  invariant  measure  is  proved 
to  exist  vhich  makes  the  process  stationary. 
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